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Steady-state velocity distributions of an oscillated granular gas

Sung Joon Moon,* J. B. Swift,† and Harry L. Swinney‡

Center for Nonlinear Dynamics and Department of Physics, University of Texas, Austin, Texas 78712, USA
~Received 25 March 2003; published 14 January 2004!

We use a three-dimensional molecular dynamics simulation to study the single particle distribution function
of a dilute granular gas driven by a vertically oscillating plate at high accelerations (15g–90g). We find that
the density and the temperature fields are essentially time-invariant above a height of about 40 particle
diameters, where typically 20% of the grains are contained. These grains form the nonequilibrium steady-state
granular gas with a Knudsen number unity or greater. In the steady-state region, the probability distribution
function of the horizontal velocitycx ~scaled by the local horizontal temperature! is found to be nearly
independent of height, even though the hydrodynamic fields vary with height. We find that the high energy tails
of the distribution function are described by a stretched exponential;exp(2Bcx

a), wherea depends on the
restitution coefficiente and falls in the range 1.2,a,1.6. However,a does not vary significantly for a wide
range of friction coefficient values. We find that the distribution function of africtionlessinelastic hard sphere
model can be made similar to that of a frictional model by adjustinge. However, there is no single value ofe
that mimics the frictional model over a range of heights.

DOI: 10.1103/PhysRevE.69.011301 PACS number~s!: 45.70.2n, 05.20.Dd, 05.70.Ln, 83.10.Rs
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I. INTRODUCTION

A dilute gas in thermal equilibrium is sufficiently chara
terized by the pressure and temperature and is described
simple relation, the equation of state. However, when a ga
far from equilibrium, there is no general, finite set of va
ables specifying the state. The single particle distribut
function f (r ,v,t) is often sufficient to characterize the stat
tical properties of a dilute nonequilibrium gas when corre
tions are negligible. Given this function, other quantitie
such as moments of the distribution and transport coe
cients, can be evaluated. Dilute granular materials subjec
an external forcing exhibit gaseous behaviors that sh
many analogies with a molecular gas, and they are o
called granular gases. Such a granular gas is always far
equilibrium due to the dissipative collisions, and the dev
tion of f (r ,v,t) from the Maxwell-Boltzmann~MB! distribu-
tion has been of great interest in recent years@1–5#.

Warr et al. @1# studied the velocity distribution function
of vibrofluidized grains confined between two transpar
plates and concluded that the distribution was consistent
the MB distribution function. Recently, the same system s
ject to stronger forcing has been studied by Rouyer and
non @5#. They found auniversaldistribution function of the
horizontal velocityvx ~of grains in a rectangular or circula
region around the center of the container, where density
not vary much in height or time! of the form ; exp
(2Buvxu1.55) for the entire range of velocities, whereB was
determined by the granular temperature of all the samp
grains. The authors reported that this functional form
scribed their measurements for a wide range of density, t
perature, and all the oscillation parameters investigated;
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the granular temperature was the only parameter of the
tribution function.

There have been numerical studies of vibrated inela
hard disks, subject to a sawtooth type oscillation, in the pr
ence of gravity@6# and in the absence of gravity@7#. Such
forcing is often used in theoretical studies as a simplificat
of the sinusoidal oscillation used in experiments, assum
that the asymptotic behavior of the hydrodynamic fields
from the plate is the same. However, it is not knowna priori
how far from the oscillating plate one must be in order f
this assumption to be valid.

In this paper, we use a previously validated molecu
dynamics~MD! simulation @8,9#. The hydrodynamic fields
are oscillatory near the plate, and their oscillatory behav
decays with height. Above some height, the fields are
correlated with the oscillation of the plate and are essenti
time invariant. We study the distribution functions in th
nonequilibrium steady-state region. To focus on the distri
tions due to the intrinsic dynamics of the granular gas, we
not impose sidewalls or include air. We also study how
distribution changes with the friction. In many theoretical
numerical studies of granular fluids, granular materials
modeled as frictionless inelastic hard disks or spheres; h
ever, no granular materials are frictionless, in the same w
that none of them are elastic. We check if the role of fricti
can be incorporated into the inelasticity by adjusting t
value of the normal coefficient of restitution.

In this paper we discuss the distributions only in t
steady-state region; those in the oscillatory region near
plate will be discussed in a separate paper@10#. The rest of
the paper is organized as follows. In Sec. II, the system un
consideration, the data analysis method, and the collis
model are described. Results are presented in Sec. III
discussed in Sec. IV.

II. METHOD

A. System and data analysis

We use both a frictional and frictionless inelastic ha
sphere MD simulation. We consider 133 328 monodispe
©2004 The American Physical Society01-1
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spheres of unit mass and of diameters5165 mm in a con-
tainer with square bottom of area 200s3200s ~the average
depth of the layer at rest is approximately 3s), where peri-
odic boundary conditions are imposed in both horizontal
rections. We choose the same particle size as in Ref.@8#, as
the patterns were quantitatively reproduced for a wide ra
of oscillation parameters with this particle size; however,
long as the collision model is valid, all the length scales c
be normalized bys. We assume the bottom plate of th
container is made of the same material as grains. We use
same coefficients of restitution and friction for grain-botto
collisions as for grain-grain collisions. The bottom plate
subject to a vertical sinusoidal oscillation with an amplitu
A and a frequencyf. We vary the oscillation parameters
the range of 3s,A,10s and 40 Hz, f ,170 Hz, which
approximately corresponds to 0.35 m/s,Vmax(52p f A)
,0.75 m/s and 15g,amax@5A(2p f )2#,90g, where g is
the acceleration due to gravity. We check that with our
rameters no mean flow develops and that grains rarely re
to the top, which is fixed at 300s.

Hydrodynamic fields and the distribution functions a
analyzed by binning the box into horizontal slabs of heig
s, as the system is invariant under translation in both h
zontal directions, in the absence of any mean flow. We
the granular volume fractionn for the density, which is the
ratio of the volume occupied by grains to the volume of ea
horizontal slab. We consider the following three granu
temperatures separately in each slab:

Tx5 1
2 ^~vx2^vx&!21~vy2^vy&!2&, ~1!

Tz5^~vz2^vz&!2&, ~2!

T5 1
3 ^uv2^v&u2& ~3!

5 1
3 ~2Tx1Tz!, ~4!

wherex andy are horizontal directions that are indistinguis
able,z is the vertical direction,v is a velocity vector for each
grain, and the ensemble average^& is taken over the particle
in the same bin at the same phase angle during 40 cy
after initial transients have decayed. We define the sca
horizontal velocity to be

cx5~vx2^vx&!/A2Tx. ~5!

B. Collision model

We implement the collision model that was originally pr
posed by Mawet al. @11#, simplified by Walton@12#, and
then experimentally tested by Foersteret al. @13#. This model
updates the velocity after a collision according to t
three parameters—the normal coefficient of restitut
e (P@0,1#), the coefficient of frictionm which relates the
tangential force to the normal force at collision using Co
lomb’s law and then determines the tangential coefficien
restitutionb (P@21,1#), and the maximum tangential coe
ficient of restitutionb0 which represents the tangential res
tution of the surface velocity when the colliding particl
slide discontinuously at the contact point.
01130
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At collision, it is convenient to decompose the relati
colliding velocities into the components normal (vn) and tan-
gential (vt) to the normalized relative displacement vect
r̂12[(r12r2)/ur12r2u, where r1 and r2 are displacemen
vectors of grains 1 and 2, and the same rule for the nota
is used forv

vn5~v12• r̂12! r̂12[vnr̂12, ~6!

vt5 r̂123~v123 r̂12!5v122vn . ~7!

The relative surface velocity at collisionvs for monodisperse
spheres of diameters is

vs5vt1
s

2
r̂123~w11w2![vsv̂s , ~8!

wherew1 andw2 are the angular velocities of grains 1 and
respectively.

For monodisperse spheres of diameters and unit mass,
the linear and angular momenta conservation and the de
tions of the normal coefficient of restitutione[2vn* /vn and
the tangential coefficient of restitutionb[2vs* /vs ~postcol-
lisional velocities are indicated by superscript *, and prec
lisional values have no superscript! give the changes in the
velocities at the collision:

Dv1n52Dv2n5 1
2 ~11e!vn , ~9!

Dv1t52Dv2t5
K~11b!

2~K11!
vs , ~10!

Dw152Dw25
~11b!

s~K11!
r̂123vs , ~11!

whereK54I /s2 is a geometrical factor relating the mome
tum transfer from the translational degrees of freedom
rotational degrees of freedom, andI is the moment of inertia
about the center of the grain. For a uniform density sphereK
is 2/5.

We use a velocity-dependent normal coefficient of re
tution as in Ref.@8#, to account for the viscoelasticity of th
real grains:

e5maxFe0,12~12e0!S vn

Ags
D 3/4G , ~12!

where e0 is a positive constant less than unity. Since w
impose high forcing (Vmax.0.35 m/s while Ags
50.04 m/s) the collision probability for relative colliding
velocities vn less thanAgs is small, and using a velocity
dependente does not result in any noticeable differenc
compared to using a velocity independent onee5e0; the
same was true in Ref.@14#. We use the symbole for e0
hereafter.

In collisions of real granular materials, not only is th
relative surface velocity reduced, but also the stored tang
tial strain energy in the contact region can often reverse
1-2
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direction of the relative surface velocity. To account for th
effect, the tangential coefficient of restitutionb could be
positive, leading to the range ofb as@21,1#. There are two
kinds of frictional interaction at collisions, sliding and rollin
friction, which are accounted for by the following formu
for b:

b5minFb0 ,211m~11e!S 11
1

K D vn

vs
G , ~13!

whereb0 is the maximum tangential coefficient of restit
tion. For sliding friction, the tangential impulse is assumed
be the normal impulse multiplied bym. Whenb is identi-
cally negative unity~or simplym50), this model reduces to
the frictionless interaction. For the special casevs50, the
collision is treated as frictionless. This friction model is st
a simplification of the frictional interaction in experiment
there is no clear-cut distinction between the two types
frictions for real grains, and even a transfer of energy fr
the rotational to translational degrees of freedom, which
sults ine larger than unity, has been observed@15#. However,
this collision model is accurate enough to reproduce m
phenomena, including standing wave pattern formation
vertically oscillated granular layers, when the parameters
properly chosen. In Refs.@8# and@9#, e50.7, b050.35, and
m50.5 were used.

III. RESULTS

A. Hydrodynamic fields and steady state

Due to the oscillatory boundary forcing the hydrodynam
fields, the volume fractionn and the granular temperature
(T, Tx , andTz) depend on heightz and timet ~Fig. 1! near
the oscillating plate; the temperatures exhibit stronger os
latory behavior than the density. Since the energy is injec
mainly through the vertical velocities, the granular tempe
ture is anisotropic as illustrated in Fig. 1;Tz is larger than its
horizontal counterpartTx , and the former is significantly
larger near the bottom plate, where the hydrodynamic fie
are oscillatory. The vertical temperature increases almost
early with height forz/s.40; however, the temperatureT
increases more slowly than linearly, as the slope ofTx de-
creases with height andTx levels off forz/s.120~Fig. 1!. A
similar increase of the temperature with height was obser
in an open system of frictionless inelastic hard disks
spheres subject to a thermal bottom heating@16# and a
sawtooth-type vibration@17#. We characterize the oscillatio
parameters only byVmax, as we observe for the paramete
in our study that the hydrodynamic fields in the steady s
are nearly the same for the sameVmax, even for different
combinations ofamax and f; such scaling behavior was als
observed in Ref.@18#.

During each cycle, a normal shock forms at the imp
from the bottom plate and propagates upward@14#. As the
shock propagates, it decays and becomes undetectable a
some height (z/s'40), rather than propagating up throug
the entire granular media~which was the case in Ref.@14#!.
Above this height, the hydrodynamic fields are invariant
time, and the granular gas forms a nonequilibrium ste
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state~Fig. 2!. About 20% of the grains are contained in th
region for the oscillation parameters of Fig. 1.

With the parameters used in this paper the granular t
peratures are nonzero throughout the cycle, as grains do
solidify after the shock passes through, in contrast to the c
in Ref. @14#. As a result, when the bottom plate moves dow
the granular gas expands, and an expansion wave propa
downward~see the temperature peaks near the plate fof t
.0.4 in Fig. 1!.

We count the number of grain-grain collisions per gra
during a cycle (Ncoll in Fig. 3!, and find thatNcoll is less
than unity in the steady-state region; the granular gas in
steady state is nearly collisionless. We estimate the mean

FIG. 1. The volume fractionn ~thick solid line! and the granular
temperatureT ~thick dashed line! as a function of height at differen
times during a cycle, wheree50.9, b050.35, m50.5, Vmax

50.55 m/s (amax560g, A53s, and f 5169 Hz), andf t is set to
zero when the plate is at the equilibrium position (z5A) moving
upward; the plate oscillates between 0 and 2A. Above some height
(z/s'40), the hydrodynamic fields do not vary much in time. T
horizontal temperatureTx ~thin dashed line! is smaller than the
vertical temperatureTz ~thin solid line!. The vertical gray line indi-
cates the container bottom.
1-3
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path using the formula for a gas of hard spheresl(z)/s
5(2A2pns3)215Ap/(12A2n) ~where n is the number
density! @19#, which ranges between 5 and 280 for 40,z/s
,100 ~Fig. 4!. When we estimate the mean free path us
the measured collision frequency and the thermal speed
get a similar result. We fit the density with piecewise exp
nential functions@;exp(2(z2z0)/ln)# in the steady state re
gion, and obtain a hydrodynamic length scalel n /s between
12 and 15 for 40,z/s,100. We obtain a similar length
scale from piecewise linear fitting of the temperatureT in the
same region. We calculate the Knudsen number Kn, defi
as the ratio of the mean free path to the length scale of
macroscopic gradients@20#, using l(z) and l n ; Kn ranges
from 0.5 to 20 in the region 40,z/s,100 ~Fig. 4!.

B. Height independence of the distribution

The distribution of scaled horizontal velocities should
symmetric as a consequence of the symmetry of the sys

FIG. 2. This superposition of the volume fraction and tempe
ture fields at five different times in a cycle~see Fig. 1! illustrates
that the fields are nearly time independent abovez/s'40, which
we call the steady-state region.

FIG. 3. The number of grain-grain collisions per grain during
cycle Ncoll ~solid line!, time-averaged~over sixty different equally
spaced times during a cycle! volume fractionnavg ~dot-dashed line,
multiplied by 100!, and time-averaged granular temperatureTavg

~dashed line, multiplied by 100!. They are plotted only forz.2A
~vertical gray line!, where grains are present throughout the cyc
Inset: The same quantities~without multiplications! on a logarith-
mic scale.
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We calculate the skewness of the distribution,g3

5M3 /M 2
3/2, whereMn is thenth moment of the distribu-

tion

Mn5E cx
nf ~cx!dcx , ~14!

and check thatug3u is less than 0.01 for all the distribution
we study. The lowest order deviation from the MB distrib
tion is characterized by the flatness of the distribution, wh
is called the fourth cumulant or the kurtosis. It was used
quantify the deviation from the MB distribution of the ho
mogeneously cooling state@21–23#, the homogeneously
heated state@21,24#, and granular gases subject to a boun
ary forcing @6,25#. The kurtosisg4 ([M4 /M 2

223) is de-
fined so that it vanishes for the MB distribution, and we fi
that it also does not change in time above some height~Fig.
5!. Further, in the steady state regiong4 is nearly indepen-
dent of the height, even though both the density and
temperature change; the distributions at different heights
the steady-state region are hardly distinguishable~Fig. 6!.
Also, the kurtosis in the steady-state region does not v

-

.

FIG. 4. The mean free pathl, estimated from a formula for a
gas of hard spheres, and the Knudsen number Kn, estimate
using l and the length scale of the densityl n ~see text!, in the
steady-state region.

FIG. 5. Above some height (z/s'40, indicated by a vertical
dashed line!, the kurtosisg4 is nearly time-invariant. The horizonta
granular temperatureTx ~dashed lines! and g4 ~solid lines! of the
horizontal velocity distribution function are shown at five differe
equally spaced times during a cycle~cf. Fig. 1!.
1-4
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STEADY-STATE VELOCITY DISTRIBUTIONS OF AN . . . PHYSICAL REVIEW E69, 011301 ~2004!
much for a wide range of the oscillation parameters:
0.35 m/s,Vmax,0.75 m/s ~while other parameters ar
fixed!, g4 changes less than 10%. A similar absence of he
dependence of the velocity distribution function was fou
in a recent experiment on a vertically oscillated quasi-tw
dimensional granular gas@26#.

C. Velocity distributions

We first examine the dependence of the distribution one;
we computeg4 for three different values ofe, while b0 and
m are kept at 0.35 and 0.5, respectively. We find thatg4
significantly decreases with increasinge in the oscillatory
state; however, it decreases only slightly in the steady s
region ~Fig. 7!.

Now we compare our results with the MB distribution
variance 1/A2,

f MB~cx!5
1

Ap
exp~2cx

2!. ~15!

The steady-state distributions obtained for the paramete
Fig. 7 are overpopulated in the high energy tails and und

FIG. 6. The horizontal velocity distribution functions at fou
different heights~compared withf MB , the solid line! obtained at
f t520.2. There is no noticeable difference among the distributi
in the steady-state region, 40,z/s,80.

FIG. 7. Kurtosis for three values ofe, as a function of height a
f t520.2, wherem andb0 are set to 0.5 and 0.35. Different forc
ings are applied for each case to achieve similar profiles of
hydrodynamic fields:Vmax(amax)50.4 m/s (43g), 0.55 m/s (60g!,
and 0.66 m/s (72g) for e50.95, e50.9, ande50.85, respectively.
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populated at small velocities~Fig. 8!, compared tof MB . The
differences of the distributions for variouse’s are hardly no-
ticeable either on linear or logarithmic scale~Fig. 8!, but on
a double logarithmic scale plot the tails of the distributio
are described by different functions~Fig. 9!. We investigate
the functional form of the distributions by fitting them~after
the normalization by the value atcx50) with a stretched
exponential function exp(2cx

a). We find that the exponenta
changes from 1.9~indicated by dashed lines! to some smaller
value~solid lines!, depending one, as the velocity increases
We have not investigated lower values ofe to avoid issues
such as cluster formation.

We now keepe andb0 at 0.9 and 0.35, respectively, an
change the value ofm. The profile ofg4 in the oscillatory
region changes significantly withm; however, it is nearly
unchanged in the steady state region~Fig. 10!. The velocity
distributions in this region for three different values ofm in
Fig. 10 are also hardly distinguishable. We observe that
distribution function depends also on the density, as in R
@6,7,24#; however, we do not investigate this dependen
systematically.

D. Frictionless inelastic hard sphere model

In theoretical and numerical studies, granular mater
are often modeled as smooth~frictionless! inelastic hard

s

e

FIG. 8. The distribution functions of scaled horizontal velociti
f (cx) for the cases in Fig. 7, on linear~top panel! and logarithmic
~bottom panel! scales. Although the kurtosis slightly decreases w
e, the difference between the distributions is hardly distinguisha
on either scale. The ranges for the averaging in height were betw
30s and 45s for e50.95, 40s and 55s for e50.9, and 45s and
60s for e50.85 ~see Fig. 7!. The solid line is the MB distribution.
1-5
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disks or spheres, assuming that the friction is a second
effect that can be neglected or that both the inelasticity
the friction can be incorporated together into the so-ca
effective coefficient of restitution. In this section, we discu
how the velocity distribution changes when the friction is n
included, and we show that the frictionless model exhib
qualitative differences from the frictional model.

The rotational kinetic energy is two orders of magnitu
smaller than its translational counterpart for the cases stu
in this paper. However, the presence of the friction redu
the expansion of the granular gas significantly, because
friction reduces the mobility of the grains and increases
collision frequency@27#. The mean height of frictional in-
elastic hard spheres exhibits a different scaling behavior w
the plate velocity from that of frictionless spheres. Only t
frictional sphere model reproduces the experimental obse
tions @27,28#.

FIG. 9. Double logarithm of the distributions of scaled horizo
tal velocities for the cases in Fig. 7 as a function of the logarithm
cx . The slope corresponds to the negative exponent2a of a
stretched exponential function exp(2cx

a). a is the same for smal
velocities for three cases of differente’s; however, it depends one
in high energy tails. Dashed lines correspond toa51.9, and the
solid lines ~from the top! correspond toa51.2, 1.4, and 1.6, re-
spectively~indicated by the numbers!.

FIG. 10. Kurtosis of the scaled horizontal velocity distributio
as a function of height atf t520.2 for three values ofm (b0 ande
are kept at 0.35 and 0.9, respectively!. In the oscillatory region,g4

increases withm; however,g4 is nearly the same within the unce
tainty in the steady-state region. The same forcing (Vmax50.55
m/s! is applied to the three cases.
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Theg4’s obtained from the simulations of frictionless pa
ticles for the same forcings as in Fig. 7 are illustrated in F
11. In the absence of friction the layer expands much mo
and the steady state occurs at greater height,z/s.100. In
both the oscillatory and the steady state regions, values og4
are smaller than those of frictional spheres~compare Fig. 11
with Figs. 7 and 10!; the distribution deviates fromf MB only
slightly. The kurtosis decreases with increasinge, and the
difference among the distributions for the threee’s are small.
These distributions have four crossovers withf MB ; they are
overpopulated both at very small and high velocities and
underpopulated in between, compared tof MB . We fit them
with a stretched exponential function, and find thata is 2.0
for small velocities, and that it depends one for the high
energy tails~Fig. 12!, as in frictional inelastic hard spheres

Since the functional form of the distribution depends one,
we can obtain a similar distribution function for the stea
state by adjustinge. For instance, form50, e50.7, and
Vmax50.55 m/s~the same forcing as in Fig. 7! we obtain
g4'0.5 for the steady-state region; the steady-state distr
tion is similar to the one in Fig. 7 fore50.9 andm50.5.

f

FIG. 11. Kurtosis of the distributions of scaled horizontal v
locities of frictionless spheres, as a function of height for thr
values ofe obtained atf t520.2. Different forcings~the same as in
Fig. 7! are applied for each case:Vmax (amax)50.4 m/s (43g), 0.55
m/s (60g), and 0.66 m/s (72g) for e50.95, e50.9, ande50.85,
respectively.

FIG. 12. Double logarithm of the rescaled horizontal veloc
distribution functions~normalized by its value at zero! for the cases
in Fig. 11, as a function of the logarithm ofcx . Dashed lines cor-
respond toa52.0, and the solid lines~from the top! correspond to
a51.65, 1.85, and 1.9, respectively.
1-6
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However, we find that no single value ofe mimics the hy-
drodynamic fields or the distribution function of frictiona
inelastic hard spheres, both in the oscillatory and steady s
regions; the effect of friction cannot be taken over by
adjusted normal coefficient of restitution. The difference b
tween the results of the two models is illustrated in Fig.
where velocities are not rescaled for better comparison.
outermost contour lines in both models become similar w
e in the frictionless model is adjusted as a free param
@compare Figs. 13~a! and 13~c!, or 13~b! and 13~d!#; how-
ever, the overall shape of the density contours canno
matched by adjusting onlye. Note that the density change
rapidly with height andn.1.531023 at z/s'10 nearvz
'vx'0 in the frictional model, whereas in the frictionles
model the particles spread more smoothly in height and th
is no region ofn .1.231023.

FIG. 13. The volume fractionn ~gray scale and contour lines! at
f t50.25 as a function of height andvz @~a! and~c!#, and of height
and vx @~b! and ~d!#, obtained from simulations of frictional har
spheres@~a! and ~b!; e50.9, m50.5], and of frictionless hard
spheres@~c! and ~d!; e50.7, m50] at Vmax50.55 m/s; e is ad-
justed in the frictionless case to obtain comparable overall diss
tion and similar velocity distribution functions in the steady-sta
region. The frictionless spheres spread more smoothly in he
and they do not yield the sharp gradient in the density aroundz/s
'13 as in the frictional case, no matter what the value ofe is; the
density profile of the frictionless spheres is qualitatively differe
from that of frictional spheres. Contour lines correspond to~0.03,
0.3, 0.6, 0.9, 1.2, 1.5!31023 from outside.
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IV. CONCLUSIONS

We have studied the horizontal velocity distribution fun
tion of vertically oscillated dilute granular gas using a m
lecular dynamics simulation of frictional inelastic ha
spheres. The hydrodynamic fields are oscillatory in time n
the oscillating bottom plate due to a shock wave and
expansion wave. However, the fields are nearly station
above some height, thus constituting a granular gas in a n
equilibrium steady-state. The steady state region form
granular analog of a nearly collisionless Knudsen gas~Figs.
3 and 4!. We find that the dependence of the distributi
functions in this granular Knudsen gas regime on the forc
and material parameters is very weak, even though the
tributions in the collisional bulk at lower heights depen
strongly on the forcing and material parameters~Figs. 7 and
10!. The behavior of an ordinary Knudsen gas is determin
by boundary conditions@20#. Although we do not know
whether boundary conditions or collisions are dominant
determining the behavior of our granular Knudsen gas,
note that this gas does not depend much on the propertie
its only boundary, which is the oscillatory region close to t
plate.

The functional form of the horizontal velocity distributio
in the steady-state region is nearly independent of hei
when velocities are scaled by the local horizontal tempe
ture ~Fig. 6!, even though the hydrodynamic fields contin
to change. The distribution function is broader than the M
distribution, being underpopulated at small velocities a
overpopulated in the high energy tails~Fig. 8!. We do not
observe a universal functional form for the distribution fun
tion ~Fig. 9!. The functional form of the high energy ta
changes with the dissipation parameters (e and m) and the
oscillation parameter (Vmax). The dependence onm in the
steady-state region is very weak~Fig. 10!.

Our conclusions regarding the absence of a universal
tribution function differ from that of Ref.@5#, for the follow-
ing reasons:

~1! We studied the local distribution function, while i
Ref. @5# the authors studied the distribution function
grains in some range of height. Based on their observatio
weak dependence of thedensitynear the center of the oscil
lating box they assumed that a certain region near the ce
is homogeneous. Note that if a distribution is averaged o
different temperatures, even the MB distribution function re
sults in a different functional form.

~2! Our system is different from that in Ref.@5# as we do
not have either air or sidewalls, and our container is mu
taller so that the bottom plate is the only energy source in
case. How air and sidewalls affect the dynamics of a gran
gas is yet to be clarified.

We also studied the velocity distributions of frictionle
inelastic hard spheres, and examined the possibility of
cluding frictional effects using an effective normal coef
cient of restitution. We found that no single effective restit
tion coefficient could describe the frictionless gas ove
range of heights.

Velocities of a granular gas, even in the dilute limit, a
strongly correlated, and the correlations depend on the d
sity and the coefficient of restitution@24#. The dependence o
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the distribution on the density implies that the single parti
distribution of a dilute granular gas cannot play a ro
equivalent to that in a dilute ordinary gas; it is not sufficie
to specify statistical properties of the gas. However,
knowledge of the single particle distribution of this compl
nonequilibrium gas is still of great importance for the pu
pose of the first approximation.
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